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Maier-Saupe and Onsager approaches as limits of the nematic-isotropic phase transition
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Through a virial expansion, the long and small range properties of the interaction between ellipsoidal
nematic molecules are put together in a unique approach that combines the essentials of some classical models
that describe the nematic-isotropic phase transition. The Lennard-Jones potential that mediates the interaction
between the centers of the mass of molecules, the long range Maier-Saupe interaction that favors their align-
ment and the molecular hard core that hinders their close approximation, as in the Onsager model, are
combined in a unique approach that exhibits two phases transitions; the gaseous-liquid transition and the
nematic-isotropic phase transition. As a conclusion, the Onsager and Maier-Saupe approaches were considered
limits of the actual physical situation.
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[. INTRODUCTION results from the balance of these contributions.
This work is divided into three main sections. In Sec. |,
Nematic liquid crystal$1] (NLC) are composed of highly the model that will be used in the study of the NIPT is
anisotropic molecules that, under convenient conditions, areresented. In Sec. Il, the virial expansion used to deal with
aligned along a macroscopic common directigh Usually,  this model and some numerical results are presented. In Sec.
this alignment is obtained through temperature variation andl! the numeral results are interpreted.
changes in the molecular concentration. At high temperatures
NLC molecules do not show any orientational order but, as [l. ESSENTIALS OF THE MODEL
the temperature decreases, the nematic alignment arises
through a first-order phase transition, i.e., through a thermo-
tropic nematic-isotropic phase transitiNIPT) [1]. On the P
other hand, in lyotropics materials, the NIPT can be obtaine ) i SO
through a change in the molecular concentration of the mix.IPsoidal body W',th '.chree inertial moments,, 15, and )
ture. As the molecular concentration increases, the packintg (!1=!2). The kinetic energy of each of these molecules is
properties of these molecules induces their alignrightin iven by[2]
general, these two kinds of transitions are considered sepa- ) 2 2 (D — Py, COSH)?
rately. For the thermotropics, the Maier-Saué approach K(p = P %Jr %Jr P~ Py;
stresses the role of a mean field produced by other mol- Pi-Po;:Pg-Pu)= 5 21, 213 21, sir? 6,
ecules, inducing a mean alignment all over the sample. For (1)
the lyotropics, the approach commonly used is that of On-
sager[4], which establishes that the entropy of the systemwhere 6, ¢, andy are the Euler's angley,, p,, andp,
becomes reduced when the molecules come close togetherane the conjugated canonical moments amdndp are the
a parallel arrangement. mass and the linear momentum of the center of mass of the
The question whether the NIPT is a strong correlated tranmolecule, respectively. It also considers that these molecules
sition, such as the liquid-crystalline transiti¢®,7], or if it interact through a two-body interaction
can be understood through the use of a small density theory
of fluids, in which the pair-wise interaction of the particles u=>
dominates the scenarfé] remains unanswered. i<
In this work the NIPT will be studied through a molecular
model that contains both aspects of the theories outlinethat depends simultaneously on the distancer; between
above[2]. A virial expansion/8—10 for the thermodynamic their center of mass and the relative orientatiéjr-6; of
functions, the anisotropic shape of the molecules as well agheir main axis, as shown in the Fig. 1.
their long range anisotropic interaction will be explicitly  In liquids, the dependence of the potential on the distance
considered. These distinct components of the theory will béetween the molecular center of mass will be taken as the

This study takes into consideration an ensemble of non-
unctual and nonspherical molecules to which the individual
ynamic properties can be approximated by a symmetric el-

u(ri—r; ;0i—0j)=i2>j V(ri—r)0(6—6;) (2

controlled by a parameter that, by blending them, will revealusual Lennard-Jones interaction
interaction at distance between the molecules and their pack- V(r)=po

that the Maier-Saupe and Onsager approaches act as a kind

of asymptotic limits for the NIPT. That is, bottthe aligning (ro)l2 (roﬂ @
r r/ |

ing properties contribute to the NIPT and the actual NIPT

while the direction dependent term will be taken as

*Email address: simoes@npd.uel.br O(6,—0,)=0[ecosA6,—6;)]. (4)
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(a)

FIG. 2. The excluded volume when the calamitic molecules are
] o ) touching each other is represent by the hachured are) Ithe
FIG. 1. Representation of two ellipsoidal nematic molecules andyglecules are parallel and i) they are perpendicular. Equation

the respective coordinates parameters in terms of which the inte(s) of the text expresses the assumed expression for this volume.
acting potential between them is defined.

J
In Eq. (3) wp andr, give the well depth and the collision @
diameter, respectively. The expressionos 2@ — ¢;) was in- y=— ‘9_8 _ ®)
troduced by Eq(4) to make explicit the rotational periodic- 90

ity of that interaction and the symmetry by a rotation of the e
7 of each individual molecule. An ideal angular dependence
would certainly take into account all Fourier components;The parametery, defined by the above equation, measures
however, only in this study, the first nontrivial term will be the relative magnitude between the anisotropy of the ex-
considered. In this approximation, the linear part of E).  cluded volume, given byp/de, and the anisotropy of the
coincides with the Maier-Saupe approach for this potentialaligning potential, given by®/ds. As |y| increases, the
[see Eq(6) below]. Furthermoreg gives the strength of the contribution of the excluded volume tends to be dominant
orientational coupling between the molecules. Sog#0, and the Onsager limit is approached. On the other hand,
the interaction between any two particles is spherically symwhenever the value dfy| diminishes, it is the aligning po-
metric, while ine #0, the interaction induces a correlation tential that becomes dominant, and the Maier-Saupe limit
between the direction of the long axis of the molecules.  can be aproached.

Conversely, the existence of a repulsive hard-core charac- Finally, when using the above approximations, the result-
terizes the molecular local interaction of the liquids and, duéng Hamiltonian
to the anisotropic shape of the NLC molecules, it must be
also considered direction dependent. In the Lennard-Jones ,
potential it is described by the parametgy that, as sug- H_Ei K(pi ,pgi,p¢i,p¢,i)+i2>j Vri=r) 06— 0
gested by Fig. 2, which may be represented by 9

ro=p(6;—0;)=plecos26,—0))]. (5)  does not lead to a computable partition function. In Sec. Il
we will explore the virial expansion to study some thermo-
So, with Eq.(4) and Eq.(5) we have introduced in our dynamical properties of this system.
model the main characteristics of the Maier-Saupe and On-
sager approaches. From now on, only the linear parts of IIl. THE VIRIAL EXPANSION
these equations will be considered. Consequently,
An outstanding result of the many-body physics is that
J0 very simple hypotheses are enough to explain the gross be-
O=0,+——ec0s26,—0)=0,+acos2b— 0, havior of the gaseous-liquid transition. At this limit, the pair-
(6)  Wise additivity of the molecular interaction is an acceptable
approximation and, therefore, any low density approach to

where®,=0(0) anda=¢d0/de, and, analogously fluids can be employed. At higher densities, however, such
approach does not give sound results and, therefore, the
re=po— a@ycos26;,—0;), (7)  liquid-crystalline transition cannot be explained by means of
virial expansion6]. As the NIPT takes place inside the lig-
wherep,=p(0) and uid state, surrounded by the gaseous-liquid transition on one
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side and by the liquid-crystalline transition on the other, it iswhere

appropriate to ask if a mean-field expansion is a sound ap-

proach to it. Interestingly enough, low density formulations, 1( 4

as the approaches of Maier Saupe and Onsager, have been Bo(T)= §f d°r1,d6 61,€08661,)

used to explain the NIPT, and the results seem to agree with

the experimental results. In this aspect, this work will be no X{l—exd—BV(Flz)G((le)]}, (17

different from those mentioned before. So, the system de-

scribed by the preceding Hamiltonian will be expanded tds the two-body cluster integral.

the lowest-order virial coefficients and, in Sec. IV, the result- So, in this approximation, all that is needeed is the com-

ing equations will be used to explain the NIPT. putation of the integral in Eql7). But, for the Lennard-
Due to the Hamiltonian form in Eq9), which separates Jones potential given in E@3), this integral is not known

the momentum from the coordinates, the canonical form ofind the usual hard-sphere approximafi6hwill be used

the Partition function

12 6
o =
- [ oreiDrIext - pHB.. (o
+ for r<rg
wherep andr indicates all the generalized momentum and ~ [\6 (18)
coordinates appearing in E(), and3=1/kgT, can be fac- u(r)= _uo(_°> for r>ry,
tored as r

wherer, is given by Eq.(7). Using this approximation, a

2=2p (1D straightforward calculation shows that
in the momentum partition function 2 2
Vi B 1o
Bz(T)zg Co ﬁ#ocl_Tcz , (19
Zy= f D[p]exp[—ﬁE K(pi Py Ps,Py) | (12)
' whereV,,=4mp3/3, and
and in the configurational partition function
Comd 1228 3 4 452 2
i 0=4~ 35757 @ " zrvat g Ve
zr:f D[r,6]ex —ng V(ri—r)O(6—6;|. (13
B 4 4 452 ) 452 ) 1228
The calculation of the momentum partition function Ci=d+tga—gay-—ga’y+t —a Yo+ 12250‘ '
w N 1228 3 149 732 3
zp=(eszmﬁkgTﬁl§|3m3)7£[l sing;, (14) ~3675% Y 99225 Y
(is an immediate exercisi2]), whereN is the number of 8 4 452 , 904 , 452 , ,
. . . . Co=d+ —a—say+t mma"— —o—a“yt+ s—a‘y
particles. However, the computation of the configurational 9 3 225 75 75
partition function is a tremendous difficult problem, repre-
senting one in the fundamental problems in the theory of the 2456 2_ 1228a3 3_ 1228 3 149 732 2
fluids. Anyway, the combination of Eq13) and Eg.(14) 1225% - 3675 1225% Ll 33075 a'y
leads to
299 464 , 069524 . . 20
~ 90225 " 2a0104 7 20

N
Z:TJ'H d?’ridb‘ﬁij SinHi . . . .
i=1 The partition function of a theory is a straightforward ex-
ercise in computing its thermodynamic functigrés11,13.
Xex;{ ,32 V(ri—r) (59”)} (15)  For example, using the results computed above, the corre-
sponding van der Waals’ equation has the following form:

where 7= (1287 'k§TC1%1 ;m*)V'2 and 56, = 6,— 6, . ov A B2ul
In the lowest order of the virial expansi@hcan be writ- ——=~1+—| Co—BueCi———0C,|. (21
ten as KeT 8v 6

Likewise, the mean value of the potential that describes the
interaction between the nematic molecules, given in(2g.

Z=7 takes the following form:

VN+—(N VN IBL(T)+ - } (16)
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Vo % 0(80)
(Wy=— 72y | #oCat mcz : (22)
In Sec. IV these results will be used to study the NIPT. 0.5}
IV. RESULTS
. . . . . 1 1 2 3 4 §0

In this section the preceding results will be interpreted.
First, it should be observed that the interaction between two

; . . ) 5t
anisotropic moleculegEq. (2)], is composed of two terms:
the Lennard-Jones force, given by Eg) and Eq.(18), and
the orientational potential, given by E@) and Eq.(6). The -

Lennard-Jones potential has a twofold purpose; it not only

commands the long range attractive character of the molecu- FIG. 3. Graphic representation of the angular part of the inter-
lar interaction but also takes care of the short range repulsivacting potential fore>0, as defined in E¢(6). For this value ofx
interaction that forbids any close encounter of the moleculeshere are two minima for the aligning potential, ones@t=0 and
Consequently, it describes the molecular aggregation th&nother até¢=a. They correspond to the two possible aligned
characterizes the gaseous-liquid transition and the corré&@nfigurations of the molecules of the NLC.

sponding density change, which can be recognized througyhich correspond to the known values of these coefficients.
the transformation that it provokes in the isotherms of the yp to this point, this analysis has given us the gaseous-

PV diagram of the van der Waals equatid. So, normally
[13], through the establishment of the inflexion points

J 32
(_p) =0 and (—2) =0,
z9v T=Tc élv T

:TC

the critical points

3VCo
VT g
1/2
T.= 4poCy 1+ 9C.C,
¢ 27Cokg| 4C§ '

. 16/LOC1 4kBW 8,LLoCl
2V, C5 VmCo 9V,C3

c

8u5C2
810VmCoC1+ 54V kgCiw’

are found, wherev=14u,[4(C,/C0)?/9+ C,/Co]¥¥18kg .

As the position of these critical points depends on the
values ofC,, C;, andC,, the state of the alignment of the
molecules introduces changes in the positional gaseous-
liquid transition. However, it is known that =0, the
model describes an isotropic system. At this point, the above

critical points become

3V,
V=57

2

_ dpo
27kg

pc=0.103z#,
m

Te [1+(13)Y7,

liquid transition. In order to obtain the NIPT, the configura-
tions that give the minimum tu), [Eq. (22)], will be de-
termined. As, through parameter this potential depends on
the angular interaction between the molecules, this study be-
gins by establishing the characteristics of this dependence.
As mentioned above, whemn=0, the potential is spherically
symmetric and the system must be in the isotropic phase.
However, fora# 0, there are two possibilities, either<0
or «>0. In Fig. 3 and Fig. 4, a graph of the angular potential
for each of these values is shown. It can be observed that for
a<0, the potential has two minima, a¥=0 and 66=r,
separated by a maximum aroudd= /2. Furthermore, for
a>0, the role of these extremes are inverted and there are
two maxima at69#=0 and56= , separated by a minimum,
at 66= /2. So, fora>0, the angular interaction drives the
molecules to become aligned, while fex 0, the molecules
are impelled to become perpendicufantialigned. So, « is
the parameter that governs the molecular alignment. From
now on it will be assumed that the system looks for the
(24) thermodynamical equilibrium through the adjustment of this
parameter. Using this prescription in E§2) the value ofa
can be obtained from the rule

(23

0(250)

0.5

-1

FIG. 4. Graphic representation of the angular part of the inter-
acting potential fore<0, as defined in Eq6). For this value ofx
(25) there are only one minima, atf= /2. They correspond to an
antiparallel alignment for the nematic molecules.
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FIG. 5. The four solutions of Eq27) that are extremes of the
energy as function of the temperature. For high temperatures onlr¥

two solutions exist and they correspond to antialigned configuratio : . i . S
and the configuration corresponding 4@ gives the energy mini-

(a<0). Nevertheless, observe thaj assumes a very small value As the ture is reduced t luti d
and, as it is shown in Fig. 6, it is effectively indistinguishable from mum. As the lemperature IS reduced two new solutions correspond-
the solution witha=0 ing to aligned state arise. Nevertheless, only at the nematic-

' isotropic phase transition point the molecules become

thermodynamically aligned.

FIG. 7. The dependence on temperature of the extremes of the
nergy. Observe that at high temperatures only two solutions exist

(u)

—=0, (26)

da approximation errors used. Assuming that this energy differ-
ence is real, it is so small that the thermal agitation will
easily destroy any antialignment and the solution will be
9C effectively indistinguishable from the isotropic solution. Fur-

1. Mo 9C; . ;
ST o (27 thermore, when the temperature is reduced, with values
da 3kgT da lower thanT~0.14(in the units presented in the figuréwo
new solutions arise. These solutions have 0 and, there-
fore, correspond to the aligned states. These results show
eclearly that there is a well-defined upper botemperaturg
or the acceptability of the aligned states, since at higher
emperatures, even as metastable states, they cannot survive.

The preceding analysis revealed that, in the scope of the
approximation used, there are solutions that at high tempera-
res are compatible with a disordered configuration and that

which leads to

This equation generates a fourth-order polynomiakin
and its solutions were found numerically. An example of on
of these solutions is presented in Fig. 5, where it was a
sumed thaty=1. Changes iny will be considered ahead.
According to these numerical studies, there are only two rea
solutions with negative values af for high temperatures.
Consequently, as stated in preceding analysis, both of the
correspond .to a perpendwular alignment. Furthermore, ONgt low temperatures describe aligned configurations. Accord-
of them, indicated ag, In the flgure,'as.su'mes. such a small ing to Fig. 5, there are some possibilities for the configura-
value (@p~—0.1) that it would be indistinguishable from q, 1hat the system can assume at each temperature. For a
the =0 solution. In Fig 6 a superimposed graph of the ¢, sistent analysis, it must be assumed that, at each tempera-
energy corresponding to the solutiap~—0.1 on the en- e the configuration assumed by the system is the one that
ergy graph corresponding to the solution @0 is pre-  paq the least energy. In Fig. 7 the energy for each of the four
sented. From these figures, it becomes clear that these W@ tions in Fig. 5 are shown. As expected in high tempera-
solutions are effectively indistinguishable and, certainly, theyres, the most stable solution is the one corresponding to the
small difference between them would be attributed to the,qnaligned configuration. But as the temperature is reduced,

there is a point, indicated in the figure as the NIPT point,

U U(a=0) where the energy of one of the aligned states becomes lower

270 than the energy of the isotropic configuration. This must cer-
A Ul tainly be the point of the NIPT.

8.2 When the results shown in Fig. 7 are compared with the
-35 results in Eq(24) our model can predict at least two transi-
375 tion points; that of the gaseous-liquid transition and that of

R 02T0 the NI_PT. Thesg vglues were compute_d by assuminad..
495 ' ' ' To gain further insights into the meaning of the NIPT, the

position of the NIPT point has been computed for magny
FIG. 6. The energy of the solution, and the energy of the Vvalues. The corresponding results are shown in Fig. 8, where

isotropic solution,@=0, are shown in the same picture. The ener-the NIPT position is strongly dependent gnAs y dimin-

gies of these two states are very close and, therefore, they are thdghes, the NIPT point approaches the gaseous-liquid transi-
modynamically indistinguishable. To see this clearly compare thdion and, inversely, whenevey increases, the NIPT ap-
energy scale shown in this figure with the scale for the energieproaches the liquid crystalline. This change in the NIPT
shown in Fig. 7. point can be easily interpreted by considering the meaning of
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i V. CONCLUSION
It is usually assumed that the nematic-isotropic phase
o 104 transition can be induced by two diverse kinds of interac-
5 tions; the long range interaction that, through a mean field,
§ 0,8- stimulates the overall alignment on the molecules, and the
4 short ranged interaction, that presupposes that the entropy of
§ 0,6 the system becomes reduced when the molecules come close
has together in a parallel arrangement. Assuming implicitly that
.§ 0,4 these two approaches underline two distinct aspects of the
= same actual phase transition, they are managed separately as
O 02- Mayer Saupe limit Onsager limit the Maier-Saupe and the Onsager approaches, respectively.
In this work, we have put them together in a unique mean-
0,0 field formalism. We have constructed a theory using a pa-

————— rameter that combines these two approaches and, as this pa-
06 o7 08 09 10 11 12 rameter is changed, one or the other of the previously
Y mentioned interactions is emphasized. We have shown that,

FIG. 8. The dependence of the position of the nematic-isotropié’vhen the scenario 1S dominated by the Iong_range_d a_llgnl_ng
phase transition point on the parameterAs y is diminished the =~ Mean field, the position of the phase-transition point is dis-
aligning potential becomes stronger, the Maier-Saupe limit is apPlaced towards the gaseous-liquid transition. However, when
proached and the critical temperature increases. Wjes in- the short ranged interactions, responsible for the excluded
creased the contribution due to the anisotropic shape of the mowolume, dominate the scene, the position of the phase-
ecules(and the consequent excluded volyrhecome dominant, the transition point is displaced towards the nematic-crystalline
Onsager limit is approached and the critical temperature is reducegransition point. Consequently, the findings in this study have

shown that the Maier-Saupe and the Onsager approaches are
y given in Eq.(25). Wheny>1, the molecular anisotropy |imits of a complex phase transition that mix some physical
prevails over the aligning potential, whilst for<1, itis the  aspects of the phase transitions neighboring it. The NIPT is
aligning potential that overcomes the molecular anisotropyneighbored by the gaseous-liquid transition that stresses the
Consequenﬂy;y measures the relative Contribution Of the mean f|e|d and the |Ong range properties Of a phase transi_
Maier-Saupe and the Onsager approaches to the NIPT, thergon_ At the low temperature, however, it is neighbored by the

fore, the change of the position of the NIPT point expressegematic-crystalline transition that stresses the local packing
the change of their relative weight for the phase transitionproperties of a phase transition.

When vy is reduced, the aligning potential becomes stronger,
the critical temperature increases, and the Maier-Saupe limit
is approached. On the other hand, wheis increased, the

contribution of the anisotropic shape of the molecules to the
excluded volume becomes dominant, the critical temperature This work was supported by the Brazilian agencies,
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